A description of Gorenstein projective modules over the tensor products
  of algebras by Shen, Dawei
ar
X
iv
:1
60
2.
00
11
6v
1 
 [m
ath
.R
T]
  3
0 J
an
 20
16
A DESCRIPTION OF GORENSTEIN PROJECTIVE MODULES
OVER THE TENSOR PRODUCTS OF ALGEBRAS
DAWEI SHEN
Abstract. Let A be a coherent algebra and B be a finite-dimensional Goren-
stein algebra over a field k. We describe finitely presented Gorenstein projec-
tive A⊗kB-modules in terms of their underlying onesided modules. Moreover,
if the global dimension of B is finite, we give a more precise description of
finitely presented Gorenstein projective A⊗k B-modules.
1. Introduction
The study of Gorenstein projective modules is originated by M. Auslander and
M. Bridger in [2] under the name “modules of G-dimension zero”. The notion of
Gorenstein projective modules is introduced by E. E. Enochs and O. M. G. Jenda
in [11, 12] and is extensively studied by their coauthors. By the pioneering work of
R.-O. Buchweitz in [7], the stable categories of Gorenstein projective modules are
closely related to singularity categories.
One of the most important tasks in Gorenstein homological algebra is to describe
Gorenstein projective modules. In this paper, we study Gorenstein projective mod-
ules over the tensor product of two algebras in terms of their underlying onesided
modules.
Another motivation of this work is from monomorphism categories. G. Birkhoff
initiates the study of monomorphisms between abelian groups [6]. C. M. Ringel and
M. Schmidmeier [20] investigate submodule categories. X.-H. Luo and P. Zhang [14]
generalize their work and introduce monomorphism categories over finite acyclic
quivers.
Let A be a coherent algebra over a field k, and let Q be a finite acyclic quiver.
The monomorphism category Mon(Q,A) defined by X.-H. Luo and P. Zhang is in
fact a full subcategory of the module category over A⊗kkQ. They use this category
to describe Gorenstein projective modules over A ⊗k kQ. Our work is inspired by
the main result of [14].
Let A be a coherent algebra and B be a finite-dimensional algebra over a field k.
If B is a Gorenstein algebra, the following result describes finitely presented Goren-
stein projective A⊗kB-modules in terms of their underlying onesided modules. For
each left A ⊗k B-module X , we denote by AX the underlying left A-module of X
and by BX the underlying left B-module of X . Denote by D the k-dual functor
Homk(−, k).
Theorem 1.1. Let A be a coherent algebra and B be a finite-dimensional Goren-
stein algebra over a field k. Let X be a finitely presented left A⊗kB-module. Then
X is Gorenstein projective if and only if A(DB ⊗B X) is a Gorenstein projective
left A-module and BX is a Gorenstein projective left B-module.
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If B has finite global dimension, we have the following more precise description of
finitely presented Gorenstein projectiveA⊗kB-modules. For each left B-moduleM ,
recall that the radical radBM of M is the intersection of all maximal submodules
of M ; see, for example, [1, Chapter 3, §9].
Proposition 1.2. Let A be a coherent algebra and B be a finite-dimensional al-
gebra of finite global dimension over a field k. Let X be a finitely presented left
A⊗k B-module. Then X is Gorenstein projective if and only if A(X/ radB X) is a
Gorenstein projective left A-module and BX is a projective left B-module.
The paper is organized as follows. In Section 2, we recall some facts about the
Gorenstein projective modules and the tensor products of algebras. The proofs of
Theorem 1.1 and Proposition 1.2 are given in Section 3 and Section 4, respectively.
In Section 5, we give some applications of our results.
2. Preliminaries
2.1. Notation. Throughout this paper, k is a fixed field. Let ⊗ denote the tensor
product over k, and let D denote the k-dual functor Homk(−, k). For each k-algebra
A, we denote by Aop the opposite algebra of A. All modules are left modules; all
categories, morphisms and functors are k-linear.
2.2. Tensor products of algebras. Let A be a k-algebra and B be a finite-
dimensional k-algebra. Recall from [8, Chapter IX, Theorem 2.8a] the following.
Lemma 2.1. Let M be an A-module, P be a finite-dimensional projective Bop-
module and X be an A⊗B-module. Then for each n ≥ 0, there is an isomorphism
ExtnA⊗B(X,M ⊗DP ) ≃ Ext
n
A(X ⊗B P,M).
2.3. Gorenstein projective modules. Let A be a k-algebra. Following [7, 12],
a complex of projective A-modules
P • : · · · −→ P−1
d−1
−→ P 0
d0
−→ P 1
d1
−→ · · ·
is totally acyclic if P • is acyclic and HomA(P
•, Q) is acyclic for each projective
A-module Q. An A-module M is Gorenstein projective if there is a totally acyclic
complex P • of projective A-modules such that M = Ker d1; the complex P • is
called a complete resolution of M .
From now on, let A be a coherent k-algebra, that is, a left and right coherent
algebra over k. Denote by A-mod the category of finitely presented A-modules; it
is an abelian category. Denote by A-proj the full subcategory of A-mod formed by
finitely generated projective A-modules. For each Gorenstein projective A-module
M which is finitely presented, there is a complete resolution P • of M such that
P • is a totally acyclic complex of finitely generated projective A-modules; it is
called a complete resolution ofM in A-proj. For be a complex of finitely generated
projective A-modules P •, recall that P • is totally acyclic if and only if P • and
HomA(P
•, A) are both acyclic.
Denote by (−)∗ the A-dual functor HomA(−, A) or HomAop(−, A). For each
A-module M , there is an evaluation map evAM : M → M
∗∗ of M with value in A,
where evAM (m)(f) = f(m) for each m ∈M and f ∈M
∗. Following [12, Chapter X,
Proposition 10.2.6], a finitely presented A-moduleM is Gorenstein projective if and
only if M satisfies the following conditions:
(1) ExtnA(M,A) = 0 for n ≥ 1;
(2) ExtnAop(M
∗, A) = 0 for n ≥ 1;
(3) the evaluation map evAM :M →M
∗∗ is an isomorphism.
A DESCRIPTION OF GORENSTEIN PROJECTIVE MODULES 3
Denote by A-Gproj the full subcategory of A-mod formed by finitely presented
Gorenstein projectiveA-modules. We will need the following facts about Gorenstein
projective A-modules; see, for example, [7, Lemma 4.2.2].
(GP1) A-Gproj is a Frobenius category with projective objects precisely A-proj.
(GP2) A-Gproj is closed under direct summands, extensions and kernels of epimor-
phisms in A-mod.
(GP3) The A-dual functors induce exact dualities between A-Gproj and Aop-Gproj.
Recall that A-Gproj⊥ contains all finitely presented A-modules of finite projec-
tive dimension. Here, A-Gproj⊥ denotes the right perpendicular category
A-Gproj⊥ = {M ∈ A-mod | ExtnA(G,M) = 0, ∀ G ∈ A-Gproj, ∀ n ≥ 1}
of A-Gproj. In fact, the full subcategory A-Gproj⊥ is closed under cokernels of
monomorphisms in A-mod and contains A-proj.
The following lemma is well known.
Lemma 2.2. Let ξ : 0 → Mm → · · · → M1
∂
−→ M0 be a sequence of finitely pre-
sented Gorenstein projective A-modules with m ≥ 1. Then the following statements
are equivalent.
(1) ξ∗ = HomA(ξ, A) is exact.
(2) ξ is exact and Coker ∂ is a Gorenstein projective A-module.
Proof. “(1) =⇒ (2)” Since ξ∗ is exact, Ker ∂∗ is a finitely presented Gorenstein
projective Aop-module by (GP2). It follows from (GP3) that ξ ≃ (ξ∗)∗ is exact and
Coker∂ ≃ (Ker ∂∗)∗ is a finitely presented Gorenstein projective Aop-module.
“(2) =⇒ (1)” This follows from (GP3). 
3. The proof of Theorem 1.1
Let A be a coherent k-algebra and B be a finite-dimensional k-algebra. Then the
tensor product A⊗B of A and B is a coherent k-algebra. Let X be an A⊗B-module
X . Recall that AX denotes the underlying A-module of X and BX denotes the
underlying B-module of X . Let X be a finitely presented A⊗B-module. Then AX
is finitely presented, but BX is not necessarily finitely presented. By the equivalent
conditions for Gorenstein projective modules and Lemma 2.1, we know that AX is
Gorenstein projective if and only if X satisfies the following conditions:
(1) ExtnA⊗B(X,A⊗DB) = 0 for n ≥ 1;
(2) Extn(A⊗B)op(X
∨, A⊗DB) = 0 for n ≥ 1;
(3) the evaluation map evA⊗DBX : X → X
∨∨ is an isomorphism.
Here, we denote (−)∨ = HomA⊗B(−, A⊗DB) or Hom(A⊗B)op(−, A⊗DB).
The following result indicates that the duality between the categories of finite-
dimensional modules over B and Bop induces some special “duality” between the
categories of modules over A⊗B and (A⊗B)op.
Lemma 3.1. Let U be a finite-dimensional B-module, and let X be an A ⊗ B-
module such that ExtnA⊗B(X,A ⊗DB) = 0 for n ≥ 1. Then for each n ≥ 0, there
is an isomorphism
ExtnA⊗B(X,A⊗ U) ≃ Ext
n
(A⊗B)op(A⊗DU,X
∨).
Proof. We have (A⊗U)∨ ≃ A⊗DU and (A⊗DU)∨ ≃ A⊗DDU by [8, Chapter XI,
Theorem 3.1]. Since U is finite dimensional over k, A⊗DDU and A⊗U are natural
isomorphic. Then by [1, Chapter 5, Proposition 20.7], there is an isomorphism
HomA⊗B(X,A⊗ U)≃Hom(A⊗B)op(A⊗DU,X
∨).
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Take an exact sequence of finite-dimensional A-modules
0 −→ U → I
f
−→ V −→ 0 (3.1)
such that I is injective. Applying HomA⊗B(X,A⊗−) to (3.1) gives rise to an exact
sequence
HomA⊗B(X,A⊗ I)
HomA⊗B(X,A⊗f)
−→ HomA⊗B(X,A⊗ V )
−→ Ext1A⊗B(X,A⊗ U) −→ Ext
1
A⊗B(X,A⊗ I).
(3.2)
Since I is an injective B-module, we have Ext1A⊗B(X,A⊗ I) = 0.
Applying the k-dual functor D to (3.1), we obtain an exact sequence
0 −→ DV
Df
−→ DI −→ DU −→ 0. (3.3)
Applying Hom(A⊗B)op(A⊗−, X
∨) to (3.3) yields an exact sequence
Hom(A⊗B)op(A⊗DI,X
∨)
Hom(A⊗B)op (A⊗Df,X
∨)
−→ Hom(A⊗B)op(A⊗DV,X
∨)
−→ Ext1(A⊗B)op(A⊗DU,X
∨) −→ Ext1(A⊗B)op(A⊗DI,X
∨).
(3.4)
Since A⊗DI is projective, we have Ext1(A⊗B)op(A⊗DI,X
∨) = 0.
Compare the sequences (3.2) and (3.4). Then there is an isomorphism
Ext1A⊗B(X,A⊗ U) ≃ Ext
1
(A⊗B)op(A⊗DU,X
∨).
By dimension shifting, we can prove the isomorphisms for n ≥ 2. 
Let U be a finite-dimensional B-module. Assume that the injective dimension
m of U is finite. Then there is an exact sequence of finite-dimensional B-modules
ξ : I0
d0
−→ I1 −→ · · · −→ Im −→ 0
such that each Ii is injective and Ker d0 = U .
Lemma 3.2. Let U be a finite-dimensional B-module of finite injective dimension,
and let X be a finitely presented A ⊗ B-module with AX Gorenstein projective.
Then the following statements are equivalent.
(1) ExtnA⊗B(X,A⊗ U) = 0 for n ≥ 1.
(2) HomA⊗B(X,A⊗ ξ) is exact.
(3) DU⊗BX is a Gorenstein projective A-module and Tor
B
n (DU,X) = 0 for n ≥ 1.
Proof. Since AX is Gorenstein projective, we have Ext
n
A⊗B(X,A ⊗ DB) = 0 for
n ≥ 1. If U is injective, it is easy to see that (1), (2) and (3) all hold. Then we
may assume that U has injective dimension m ≥ 1.
“(1)⇐⇒ (2)” We prove this by induction on m.
If m = 1, then d0 : I0 → I1 is surjective. Apply HomA⊗B(X,A⊗−) to the short
exact sequence
0 −→ U −→ I0
d0
−→ I1 −→ 0.
Then the long exact sequence yields
Ext1A⊗B(X,A⊗ U) = CokerHomA⊗B(X,A⊗ d
0)
and ExtnA⊗B(X,A ⊗ U) = 0 for n ≥ 2. Therefore, HomA⊗B(X,A ⊗ ξ) is exact if
and only if ExtnA⊗B(X,A⊗ U) = 0 for n ≥ 1.
Suppose that (1) and (2) are equivalent form = k ≥ 1. If the injective dimension
of U is k+1, then the injective dimension of V = Cokerd0 is k. There is a surjective
map p : I0 → V and an exact sequence of finite-dimensional B-modules
ξ′ : I1
d1
−→ I2 −→ · · · −→ Im −→ 0
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such that each Ii is injective and Ker d1 = V . Observe that HomA⊗B(X,A ⊗ ξ)
is exact if and only if HomA⊗B(X,A⊗ p) is surjective and HomA⊗B(X,A ⊗ ξ
′) is
exact.
Apply HomA⊗B(X,A⊗−) to the short exact sequence
0 −→ U −→ I0
p
−→ V −→ 0.
It follows from the long exact sequence that we have
Ext1A⊗B(X,A⊗ U) = CokerHomA⊗B(X,A⊗ p)
and
Extn+1A⊗B(X,A⊗ U) = Ext
n
A⊗B(X,A⊗ V ) for n ≥ 1.
By induction hypothesis, we know that HomA⊗B(X,A⊗ ξ
′) is exact if and only if
ExtnA⊗B(X,A ⊗ V ) = 0 for n ≥ 1. Therefore, HomA⊗B(X,A ⊗ ξ) is exact if and
only if ExtnA⊗B(X,A⊗ U) = 0 for n ≥ 1.
“(2)⇐⇒ (3)” It follows from Lemma 2.1 that HomA⊗B(X,A⊗ ξ) is isomorphic
to HomA(Dξ ⊗B X,A). In particular, HomA⊗B(X,A ⊗ ξ) is exact if and only if
HomA(Dξ ⊗B X,A) is exact. Since ξ is a deleted injective resolution of U , we
have that Dξ is a deleted projective resolution of DU . Observe that Dξ ⊗B X is
a sequence of finitely presented Gorenstein projective A-modules. By Lemma 2.2,
HomA(Dξ⊗BX,A) is exact if and only ifDξ⊗BX is exact and Coker(D(d
0)⊗BX) is
a Gorenstein projectiveA-module. A direct calculation shows Coker(D(d0)⊗BX) =
DU⊗BX and the homologyHn(Dξ⊗BX) = Tor
B
n (DU,X) for n ≥ 1. This finishes
our proof. 
Let A be a coherent k-algebra and B be a finite-dimensional k-algebra. For a
finitely presented Gorenstein projective A⊗B-module X , is AX a Gorenstein pro-
jective A-module? The following lemma gives an affirmative answer if the projective
dimension of BDB is finite. Here, we recall that the right perpendicular category
A ⊗ B-Gproj⊥ of A ⊗ B-Gproj contains all finitely presented A ⊗ B-modules of
finite projective dimension.
Lemma 3.3. Let X be a finitely presented Gorenstein projective A⊗B-module and
P • be a complete resolution of X in A-proj. Assume that the projective dimension
of BDB is finite. Then the following statements hold.
(1) ExtnA⊗B(X,A⊗DB) = 0 for n ≥ 1.
(2) HomA⊗B(P
•, A⊗DB) is acyclic.
(3) AX is a Gorenstein projective A-module.
Proof. (1) Since the projective dimension of BDB is finite, the projective dimension
of A⊗BA⊗DB is also finite. Then A⊗DB belongs to A⊗B-Gproj
⊥. Therefore,
we have ExtnA⊗B(X,A⊗DB) = 0 for n ≥ 1.
(2) Since each cocycle of P • is a finitely presented Gorenstein projective A⊗B-
module, it follows from (1) that HomA⊗B(P
•, A⊗DB) is acyclic.
(3) Observe that AP
• is a complex of finitely generated projective A-modules.
By Lemma 2.1, we infer that HomA(P
•, A) is isomorphic to HomA⊗B(P
•, A⊗DB),
which is acyclic by (2). Then AP
• is a complete resolution of AX . Therefore, AX
is a Gorenstein projective A-module. 
Let A be a coherent k-algebra. We recall that the category of finitely presented
Gorenstein projective A-modules is closed under direct summands, extensions and
kernels of epimorphisms. Recall that a finite-dimensional k-algebra B is called a
Gorenstein algebra if the injective dimensions of BB and BB are both finite. In this
case, the projective dimension of BDB is finite. Recall from [5, Proposition 3.10]
that a B-module M is Gorenstein projective if and only if TorBn (DB,M) = 0 for
n ≥ 1.
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Theorem 3.4. Let A be a coherent k-algebra and B be a finite-dimensional Goren-
stein k-algebra. Let X be a finitely presented A ⊗ B-module. Then the following
statements are equivalent.
(1) X is a Gorenstein projective A⊗B-module.
(2) AX is a Gorenstein projective A-module and Ext
n
A⊗B(X,A⊗B) = 0 for n ≥ 1.
(3) A(DB ⊗B X) is a Gorenstein projective A-module and BX is a Gorenstein
projective B-module.
Proof. “(1) =⇒ (2)” Since X is a Gorenstein projective A ⊗ B-module, we have
ExtnA⊗B(X,A ⊗ B) = 0 for n ≥ 1. Then AX is a Gorenstein projective A-module
by Lemma 3.3.
“(2) =⇒ (1)” Since B is a Gorenstein algebra, it is easy to see that A ⊗DB is
a tilting (A ⊗ B)op-module in the sense of [10, 16]. Since ExtnA⊗B(X,A ⊗ B) = 0
for n ≥ 1, we have Extn(A⊗B)op(A ⊗DB,X
∨) = 0 for n ≥ 1 by Lemma 3.1. Here,
we recall that (−)∨ denotes the A⊗DB-dual functors.
It follows from [16, Theorem 1.16] and [16, Proposition 1.20] that for each n ≥ 0,
there is an isomorphism
Extn(A⊗B)op(X
∨, A⊗DB)
≃Extn(A⊗B)op(Hom(A⊗B)op(A⊗DB,X
∨),Hom(A⊗B)op(A⊗DB,A⊗DB)).
Then for each n ≥ 1, we have
Extn(A⊗B)op(HomA⊗B(X,A⊗B), A⊗B)
≃Extn(A⊗B)op(HomA⊗B(X,A⊗B),HomA⊗B(A⊗B,A⊗B))
≃Extn(A⊗B)op(Hom(A⊗B)op(A⊗DB,X
∨),Hom(A⊗B)op(A⊗DB,A⊗DB))
≃Extn(A⊗B)op(X
∨, A⊗DB)
=0.
Observe that the composite of X → X∨∨ with the series of isomorphisms
X∨∨ =Hom(A⊗B)op(X
∨, A⊗DB)
≃Hom(A⊗B)op(Hom(A⊗B)op(A⊗DB,X
∨),Hom(A⊗B)op(A⊗DB,A⊗DB))
≃Hom(A⊗B)op(HomA⊗B(X,A⊗B),HomA⊗B(A⊗B,A⊗B))
≃Hom(A⊗B)op(HomA⊗B(X,A⊗B), A ⊗B)
is an isomorphism. It is easy to see that the composite is the evaluation map of X
with value in A⊗B. Therefore, X is a Gorenstein projective A⊗B-module.
“(2) =⇒ (3)” Since AX is a Gorenstein projective A-module and Ext
n
A⊗B(X,A⊗
B) = 0 for n ≥ 1, we infer that A(DB ⊗B X) is a Gorenstein projective A-module
and TorBn (DB,M) = 0 for n ≥ 1 by Lemma 3.2. Then BX is a Gorenstein projec-
tive B-module.
“(3) =⇒ (2)” Since BX is Gorenstein projective, we have Tor
B
n (DB,M) = 0 for
n ≥ 1. Observe that A(DB ⊗B X) is a Gorenstein projective A-module and BB
has finite injective dimension. Then AX is a Gorenstein projective A-module. It
follows from Lemma 3.2 that ExtnA⊗B(X,A⊗B) = 0 for n ≥ 1. 
Recall that a finite-dimensional k-algebra B is called a self-injective algebra if
BB is injective or, equivalently, BDB is projective. The following corollary is also
a special case of [9, Theorem 3.6].
Corollary 3.5. Let A be a coherent k-algebra and B be a finite-dimensional self-
injective k-algebra. Then a finitely presented A ⊗ B-module X is Gorenstein pro-
jective if and only if AX is a Gorenstein projective A-module.
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Proof. “=⇒” This follows from Lemma 3.3.
“⇐=” Since BDB is a projective B-module and AX is a Gorenstein projective
A-module, we infer that A(DB⊗BX) is a Gorenstein projective A-module. Observe
that all B-modules are Gorenstein projective. Then it follows from Theorem 3.4
that X is a Gorenstein projective A⊗B-module. 
4. The proof of Proposition 1.2
Throughout this section, A is a coherent k-algebra and B is a finite-dimensional
k-algebra of finite global dimension. Let M be a B-module. Recall that the radical
radBM of M is the intersection of all maximal submodules of M . In particular,
the radical radB of BB is an ideal of B. Recall that D denotes the k-dual functor.
Lemma 4.1. Let X be a finitely presented A ⊗ B-module. Then the following
statements are equivalent.
(1) ExtnA⊗B(X,A⊗B) = 0 for n ≥ 1.
(2) ExtnA⊗B(X,A⊗ S) = 0 for each simple B-module S and n ≥ 1.
(3) ExtnA⊗B(X,A⊗D(B/ radB)) = 0 for n ≥ 1.
Proof. Let X be the full subcategory of B-mod formed by objects U which satisfies
ExtnA⊗B(X,A ⊗ U) = 0 for n ≥ 1. Then X is closed under direct summands,
extensions and cokernels of monomorphisms in B-mod.
“(1) =⇒ (2)” Observe that simple B-modules have finite projective dimensions.
Since B belongs to X , each simple B-module S belongs to X .
“(2) =⇒ (1)” Since BB has finite length and each simple B-module S belongs
to X , we infer that B belongs to X .
“(2)⇐⇒ (3)” Since BD(B/ radB) is a finite-dimensional semisimple B-module
and each simple B-module S is a direct summand of BD(B/ radB), it follows that
D(B/ radB) belongs to X if and only if each simple B-module S belongs to X . 
Let X be an A⊗B-module. Then radB ·X = radB X is an A⊗B-submodule of
X ; see [1, Chapter 4, Corollary 15.21]. Observe that (B/ radB)⊗BX is isomorphic
to X/(radB ·X). Then X/ radB X ≃ (B/ radB)⊗B X as A⊗B-modules.
Proposition 4.2. Let A be a coherent k-algebra and B be a finite-dimensional k-
algebra of finite global dimension. Let X be a finitely presented A⊗B-module. Then
X is Gorenstein projective if and only if A(X/ radB X) is a Gorenstein projective
A-module and BX is a projective B-module.
Proof. “=⇒” Since X is a Gorenstein projective A ⊗ B-module, it follows from
Theorem 3.4 and Lemma 4.1 that AX is a Gorenstein projective A-module and
ExtnA⊗B(X,A⊗D(B/ radB)) = 0 for n ≥ 1.
Since AX is Gorenstein projective and the injective dimension of BD(B/ radB) is
finite, A(X/ radB X) is a Gorenstein projective A-module and Tor
B
n (B/ radB,X) =
0 for n ≥ 1 by Lemma 3.2. Then BX is flat. Since B is a finite-dimensional k-
algebra, it follows that BX is a projective B-module.
“⇐=” Since BX projective, we have Tor
B
n (S,X) = 0 for each simple B
op-modules
S and n ≥ 1. Since (B/ radB)⊗X is a Gorenstein projective A-module, S ⊗B X
is a Gorenstein projective A-module for each simple Bop-modules S. Since BB has
finite length, we infer that AX is a Gorenstein projective A-module.
Since BX is projective, Tor
B
n (B/ radB,X) = 0 for n ≥ 1. Observe that AX and
A(X/ radB X) are Gorenstein projective A-modules, and BD(B/ radB) has finite
injective dimension. By Lemma 3.2, we have ExtnA⊗B(X,A⊗D(B/ radB)) = 0 for
n ≥ 1. Then it follows from Theorem 3.4 and Lemma 4.1 that X is a Gorenstein
projective A⊗B-module. 
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Example 4.3. Let Q = (Q0, Q1) be a finite quiver. Here, Q0 is the set of vertices
and Q1 is the set of arrows of the quiver Q; see [4, Chapter III, §1].
Let I be an admissible ideal of the path algebra kQ such that B = kQ/I be a
finite-dimensional k-algebra of finite global dimension. We denote by ei the trivial
path, S(i) the simple B-module and I(i) the indecomposable injective B-module
at the vertex i ∈ Q0.
Let A be a coherent k-algebra and X be a finitely presented A ⊗ B-module.
Then for each i ∈ Q0 there is a finitely presented A-module Xi = eiX ; and for
each α ∈ Q1 there an A-module map Xα : Xs(α) → Xt(α). Here, s(α) is the staring
vertex of α and t(α) is the terminating vertex of α.
For each α ∈ Q1, let fi be the natural A-module map
fi = (Xα) : ⊕α∈Q1,t(α)=i Xs(α) → Xi.
We claim that there is an isomorphism DS(i)⊗BX ≃ Coker fi of A-modules. Then
it follows from Proposition 4.2 that X is Gorenstein projective if and only if BX is
a projective B-module and Coker fi is a Gorenstein projective A-modules for each
i ∈ Q0; compare [14, 15].
For the claim, we take the injective copresentation
0 −→ S(i) −→ I(i)
(hα)
−→ ⊕α∈Q1,t(α)=i I(sα)
of the simple B-module S(i), where hα is induced by multiplication of α. Applying
the left exact functor D(−)⊗BX to the above sequence, we obtain an isomorphism
DS(i)⊗B X ≃ Coker fi of A-modules.
5. Applications
Let A be a finite-dimensional k-algebra. Let n ≥ 1 be a positive integer, and
denote by [n] the set {1, 2, · · · , n} of positive integers less than or equal to n.
Recall from [17, 7.1] that an n-periodic complex of finite-dimensional A-modules is
a collection (Xi, Xαi , i ∈ [n]), where Xi is a finite-dimensional A-module and Xαi
is an A-module map from Xi to Xi+1 satisfying Xα(i+1)Xαi = 0 for each i ∈ [n].
Here, we identify n+1 with 1. An n-periodic chain map is a collection (fi, i ∈ [n]),
where fi : Xi → Yi is an A-module map satisfying fi+1Xαi = Yαifi for each i ∈ [n].
Denote by Cn(A-mod) the category of n-periodic complexes of finite-dimensional
A-modules.
Let Zn be the quiver with n vertices and n arrows which forms an oriented cycle.
The vertex set of Zn is identified with [n] = {1, 2, · · · , n}; and there is a unique
arrow αi from i to i+1 for each i ∈ [n]. Let Bn be the radical square zero k-algebra
given by Zn. Then Bn is a self-injective Nakayama algebra. Denote by ei the trivial
path at i ∈ [n]. Recall that A⊗Bn-mod denotes the category of finite-dimensional
A⊗Bn-modules.
There is an equivalence R : A ⊗ Bn-mod → Cn(A-mod) of abelian categories;
compare [14, Lemma 2.1]. The functor R sends a module X in A ⊗ Bn-mod to
(Xi, Xαi , i ∈ [n]), where Xi = eiX and Xαi is induced by multiplication of αi.
Denote by Cn(A-proj) the category of n-periodic complexes of finite-dimensional
projective A-modules; it is a Frobenius category [17, Proposition 7.1]. Denote by
Kn(A-proj) the homotopy category of complexes in Cn(A-proj); it is a triangulated
category [13]. Note that a morphism in Cn(A-proj) is homotopic to zero if and only
if it factors through a contractible n-periodic complex of projective A-modules.
Recall that A ⊗ Bn-Gproj denotes the Frobenius category of finite-dimensional
Gorenstein projective A⊗Bn-modules. Denote by A⊗Bn-Gproj the stable category
ofA⊗Bn-Gproj; it is a triangulated category [13]. The stable categoryA⊗Bn-Gproj
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is obtained from A⊗Bn-Gproj by factoring out the ideal of all maps which factor
through projective A⊗Bn-modules; see [4, Chapter IV, §1].
Lemma 5.1. Let A be a finite-dimensional k-algebra of finite global dimension.
Then the functor R induces equivalences:
(1) Cn(A-proj) ≃ A⊗Bn-Gproj of Frobenius categories;
(2) Kn(A-proj) ≃ A⊗Bn-Gproj of triangulated categories.
Proof. (1) Since A has finite global dimension, any Gorenstein projective A-module
is projective. By Corollary 3.5, a finite-dimensional A ⊗ Bn-module X is Goren-
stein projective if and only if Xi is a projective A-module for each i ∈ [n]. It is
routine to check that R preserves exact structures. Then R induces an equivalence
Cn(A-proj) ≃ A⊗Bn-Gproj of Frobenius categories.
(2) Observe that a finite-dimensional A⊗Bn-module X is projective if and only if
R(X) is a contractible n-periodic complex of projective A-modules. Then it follows
from (1) that R induces an equivalenceKn(A-proj) ≃ A⊗Bn-Gproj of triangulated
categories. 
We now give a new proof of the main theorem in [21].
Proposition 5.2. Let A and A′ be two finite-dimensional k-algebras of finite global
dimension. If A and A′ are derived equivalent, then Kn(A-proj) and Kn(A
′-proj)
are triangle equivalent.
Proof. Since A and A′ are derived equivalent, it follows from [19, Theorem 2.1] that
A ⊗ Bn and A
′ ⊗ Bn are also derived equivalent. Then the triangulated quotient
categories Db(A ⊗ Bn-mod)/K
b(A ⊗ Bn-proj) and D
b(A′ ⊗ Bn-mod)/K
b(A′ ⊗
Bn-proj) are triangle equivalent by [18, Theorem 1.1].
Since A has finite global dimension and Bn is a self-injective algebra, A ⊗ Bn
is a Gorenstein algebra. By [7, Theorem 4.4.1], the triangulated quotient category
Db(A ⊗ Bn-mod)/K
b(A ⊗ Bn-proj) and A ⊗ Bn-Gproj are triangle equivalent. It
follows that A ⊗ Bn-Gproj and A
′ ⊗ Bn-Gproj are triangle equivalent. Then by
Lemma 5.1, we know that Kn(A-proj) and Kn(A
′-proj) are triangle equivalent. 
Let A be a finite-dimensional k-algebra. Denote by Ae = A ⊗ Aop the envelop-
ing algebra of A. For a finite-dimensional Gorenstein k-algebra A, recall that a
finite-dimensional Gorenstein projective A-module of finite projective dimension is
projective; see, for example, [7, Lemma 5.1.1].
Proposition 5.3. Let A be a finite-dimensional Gorenstein k-algebra. Then A is
a Gorenstein projective Ae-module if and only if A is a self-injective algebra.
Proof. “=⇒” Since A is a finite-dimensional Gorenstein projective Ae-module, it
follows from Theorem 3.4 that ADA is a Gorenstein projective A-module. Since
ADA has finite projective dimension, we know that ADA is projective. Then A is
a self-injective algebra.
“⇐=” Since A is a self-injective algebra, Ae is a self-injective algebra by [3,
Proposition 2.2]. Then all Ae-modules are Gorenstein projective. Therefore, A is a
Gorenstein projective Ae-module. 
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